ENDOMORPHISM ALGEBRAS AND Q-TRACES 



RUN-QIANG JIAN 



Abstract. For a braided vector space (V, u) with braiding a of Hecke type, 
we introduce three associative algebra structures on the space (BpL EndSa (V) 
of graded endomorphisms of the quantum symmetric algebra Str(V). We use 
the second product to construct a new trace. This trace is an algebra morphism 
with respect to the third product. In particular, when V is the fundamental 
representation of W 9 sljv+i and a is the action of the ij-matrix, this trace is a 
scalar multiple of the quantum trace of type A. 

1. Introduction 

More than twenty years ago, H. Osborn studied the space ©,->oEnd /\ Z (V) of 
graded endomorphisms of the exterior algebra in order to give an algebraic con- 
struction of Chern-Weil theory He introduced three associative products 
on this space. The first one is just the composition of endomorphisms. Since the 
exterior algebra is also a coalgebra, he defined the second one to be the convolution 
product. And then he combined the first two ones to construct the third prod- 
uct. Assuming that dim./\ l (V) = 1 for sufficiently large i, he constructed a trace 
function by using the second product. This trace gives the usual one when it is 
restricted on End(t^). And it is an algebra morphism when one considers the third 
product. 

On the other side, after the creation of quantum groups by Drinfel'd [1 and 
Jimbo [5] , mathematicians use Yang-Baxter operators to quantize various classical 
objects in algebra and find many interesting phenomena. Since symmetric alge- 
bras and exterior algebras are defined by using flips which are trivial Yang-Baxter 
operators, it seems quite reasonable and possible to quantize them. In his paper 
[3] , Gurevich studied Yang-Baxter operators of Hecke type, which he called Hecke 
symmetries. And then he defined the symmetric algebra and the exterior alge- 
bra with respect to these operators. They are analogue to the usual ones. Later, 
different aspects of these algebras were discussed in [3] and [TJ]. In [TT], a very 
remarkable property of the quantized symmetric algebra was discovered. For some 
special Yang-Baxter operators, the symmetric one, as Hopf algebra, is isomorphic 
to the "upper triangular part" of the quantized enveloping algebra associated with 
a symmetrizable Cartan matrix. 

Naturally, it is interesting to see what will happen when one extends Osborn's 
trace to the quantum case. Let (V, a) be a braided vector space with braiding a 
of Hecke type, and S%(V) be the p-th component of the quantum symmetric al- 
gebra S a (V) built on (V,a). We assume that dimS^V) = 1 for some M and 
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dimSg(V') = for p > M. Then, on the vector space ®$L EndSZ(V) , the con- 
volution product, the third product and the trace can be constructed step-by-step 
following the ones in [3J. And this trace, called q-trace, is an algebra morphism 
with respect to the third product. In particular, let V be the fundamental repre- 
sentation of lAqSiw+i and a the braiding given by the i?-matrix of lA q s\N+i- Then 
<7 is of Hecke type and S$(V) vanishes when p is sufficiently large. To our surprise, 
the q-trace in this case has already existed for more than one decade. 

In the theory of quantum groups, there is an important invariant which general- 
izes the usual trace of endomorphisms. It is the so-called quantum trace. Let C be 
a ribbon category with unit /, V be an object of C and / be an endomorphism of 
V. The quantum trace tr g (/) of / is an element in the monoid End(/) (see, e.g., 
[6]). It coincides with the usual trace when C — Vect(k). When we take C to be the 
category of finite dimensional representations of u e (for the definition, one can see 
[7]), the quantum trace is given by composing the usual trace with the action of the 
group-like elements K^s. This is a functorial approach. After an easy computation, 
we can show that our q-trace is a scalar multiple of the quantum trace. So we get 
a more elementary approach to the quantum trace of type A. 

This paper is organized as follows. In Section 2 we define the three products 
on ©^£ EndS'P(y) for a braided vector space (V, cr) with a braiding a of Hecke 
type. Then we construct the q-trace of ©p£ EndS'P(V r ) and prove that it is an 
algebra morphism with respect to the third product. In Section 3, we apply our 
constructions to the special braided vector space (V, cr), where V is the fundamental 
representation of lA q s{N+i and a is the braiding given by the i?-matrix of U q s\N+i- 
We prove that the q-trace for this case is just a scalar multiple of the quantum 
trace of U q s[N+i- 

Notation 

We fix our ground field to be the complex number field C. 

We denote by & p the symmetric group of {1, ... ,p\. For . . . , i/.} C {1, . . . ,p}, 
we denote l[i\,...,ik) = ft{(i s ,it)|l < s < t < k,i s > i t }. And for any w E 6 P , 
l(w) = l(w(l), . . . ,w(p)). It is just the length of w. 

An (i, j)-shuffie is an element w € such that w(l) < ••• < w(i) and 

w(i + 1) < • ■ • < w(i + j). We denote by the set of all (i, j)-shuffles. 

Let V be a vector space. A braiding a on V is an invertible linear map in 
End(y Cg) V) satisfying the quantum Yang-Baxter equation: 

(a ® idy)(idy ® cr)(er ® idy) = (idy ® cr)(a ® idy)(idy ® cr). 

A braided vector space (V,a) is a vector space V equipped with a braiding a. For 
any p € N and 1 < i < p—1, we denote by <Ji the operator id® < - l_1 ' l <g)cr®id^ p-l ~ 1 ' ) G 
End(V® n ). For any w G & p , we denote by T w the corresponding lift of w in the 
braid group B p , defined as follows: if w = s, x • • • s,-, is any reduced expression of w, 
where Sj = (i, i + 1), then T w — cr^ • • • a% x . We also use T° to indicate the action of 
cr. 

Let q be a nonzero number in C. For q ^ 1 and any n = 0,1,2,..., we denote 
(n), = (1 - q n )/(l - q), and 
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(n),! 



1, 

(i-g)-(i- 

(l-g)* 



<?") 



n = 0, 
n > 1. 



2. The q-trace 

In this section, we define the q-trace and prove that it is an algebra morphism 
with respect to the third product. We start by recalling some notions and properties 
of braidings of Hecke type and quantum symmetric algebras for the later use. For 
more details, one can see [2], [3J, [11] and fi~2] . 



2.1. Braidings of Hecke type and quantum symmetric algebras. Let (V,a) 
be a braided vector space. The braiding a is said to be of Hecke type if it satisfies 
the following Iwahori's quadratic equation: 

(a + idv®v)(o~ - vid v ® v ) = 0, 
where v is a nonzero scalar in C. 

In the rest of this section, a is always a braiding of Hecke type with parameter 

i/eC. 

For p > 1, we define A^> = Ylwee ^w- The following proposition of plays 
an essential role in the construction of q-trace. It is due to D. I. Gurevich ([3], 
Proposition 2.4). 

Proposition 2.1. For p > 1 we have 

(A w ) 2 = (p),WW . 

The image of the map (B p >qA^ has important algebraic structures on it. The 
first one is the quantum shuffle product which was introduced by M. Rosso [lOUllj . 
It generalizes the usual shuffle product on T(V). For any V\ , . . . , Vi+j 6 V, the 
quantum shuffle product sh is defined to be 

sh((vi <g> • • ■ ® Vi) (8) (Vi+i ® ■ • • <8> Vi+j)) = ^ T w (vi ® •■• ®Vi+j). 

We denote by T a (V) the quantum shuffle algebra (T(V), sh). The subalgebra S a (V) 
oiT a (V) generated by V with respect to the quantum shuffle product is called the 
quantum symmetric algebra. It is easy to see that S a (V) = ffip>oI m (X™ge ^w)- 
We denote by S*(V) = Im(T, we 6 T ») the P~ th component of S a {V). 
The algebra T a (V) is a coalgebra with the deconcatenation coproduct d: 

n 

S(vi ® • • • ® U n ) = ® • ■ ■ ® Uj) ® ® • • • ® u„). 

i=0 

We denote by 5^ the composition of 6 with the projection T(V) <8> T(V) — >■ F* 81 ® 
V® J '. One can show that (S a (V),S) is also a coalgebra ([IT]). 
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2.2. Algebraic structures on ©^IgEndS^fV). Let a be a braiding of Hecke type 
on V such that dimS^(V) = 1 for some M and dimS£(V) = for p > M. For 
A G ®%L F,ndSP(V), we write A = (A a , A x , . . . , A M ), where A p G EndSg(V) is 
the p-th component of A. 

For A, B G ®M =0 EndS%(V), we define the composition product AoB G ©£i EndS£(V) 
by (A o B) p = A p o Bp with the usual composition. Obviously, ©£i EndS*(V) is 
an associative algebra with the two-sided unit element I = (l , Ii, . . . Im), where 
I p is the identity map of S%(V). 

We can also define the convolution product A * B e ©jJl End5£(V) by 

p 

{A*B) p = J2 A i* B P-i, 
i=o 

where At * Bj = sh o (Ai ® Bj) o 5jj G EndS'^. +J ; (V). It is well-known that the 
convolution product of endomorphisms is associative. It follows immediately that 
(©jS£. End5£(V), *) is an associative algebra with the two-sided unit element I = 
(Io,0,...,0). 

Proposition 2.2. For < p < M, we have 

l? = (P)JV 

Proof. We first notice that for any vi, . . . , v p G V, 

sh(v\ © sh(v 2 © • • • sh(v p -i ® v p ) • ■ ■ )) = A^^wi <g> • • • ® 

Then 

I* p o = o if p o 
= (iW) 2 

□ 

Corollary 2.3. for < i, j < M with i+ j < M, we have 

Now we assume that the parameter v in the Iwahori's equation is not a root of 
unity. For any A G EndSl(V) = End(V), we define 

1 1 1 

P * A — (t a 4*2 A* M ) 

e v -[I , {1)J A, {2)J A ,---, {M)J A ). 

In particular, e* 11 = (l , Ii, . . . , Im)- 
If we write 

-1 u f_lW„M(M-l)/2 

{6v ' " (l0, (l)/'(2)/ (M)J A h 

then 

(e„ ) * e v = e v * [e v ) = I . 
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We define 

A i y A* e*} 1 . 



a: e^oEndS?(V) -> ©£i EndS£(n 



Consequently, a has an inverse defined by a 1 (A) = A * (e* 11 ) 1 . 

Definition 2.4. For any A,Be ®%L EndSP(V) , the third product A x B of A 
and B is defined to be 

AxB = a _1 ((aA) o ( a fl)) = ((A * e* 11 ) o (B* e* Xl )) * (e? 1 ) -1 . 

Proposition 2.5. ITie space ©££. EndS£(V) equipped with the third product is an 
associative algebra with two-sided unit element Iq. 

Proof. For any A, B, C g ®^ =0 EndSP(V), we have 

(A x B) x C = a" 1 ((a(A x B)) o (aC)) 

= cv- 1 ((aocv- 1 ((aA)o(aB))) o(qC)) 

= a - 1 ((aA)o(aB)o(aC)) 
= A x (B x C). 

And 

I x A = a _1 ((aIo) o (qA)) 

= cv- 1 ((l *e: Il )o( a A)) 
= ^(e-'oH) 
= a _1 (aA) 
= A. 

Similarly, we have that A x I = A. □ 
Proposition 2.6. For < r < M, A 4 g EndS* (F) and B 3 g End5^(y) ; we ftaue 

r j,s(s-l)/2 

(A, X Bj) r = ^ - ((Aj * l r - s -i) O (Bj * Ir-a-j)) * ^ 

w/iere I t = /or i < 0. 

Proof. The formula follows from the definition of the third product. □ 
Corollary 2.7. We have (AiXBj) r = forr < max(i, j) and (A r xB r ) r = A r oB r . 

2.3. The q-trace. 

Definition 2.8. The q-trace of any A g ©£i End5*(F) is the unique element 
Tr q A g C such that {aA) M = (Tr q A)l M g EndS^(V). 

Theorem 2.9. The q-trace is an algebra morphism with respect to the third product. 
Precisely, for A, B e ©^£ EndS , P(y) 7 we have 

1. Tr q (A + B) = Tx q A + Tr q B, 
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2. Tr 9 (A x B) = (Tr g A)(Tr 9 £), 

3. Tr q (A x B) = Tr q (B x A). 

Proof. 1. By the definition, we have 

(a(A + B)) M = ^{A k +B k )*I M -k 
= (aA) M + («B) M . 

So 

Tr 9 (A + B)I M = (Tr ? A)I M + (Tr 9 B)I M 
= (Tr 9 A + Tr 9 B)l M . 
Therefore Tr 9 (A + B) = Tr 9 A + Tr 9 B. 

2. Since A x B = aT^aA) o (aB)), we have a(A x B) = (aA) o (aB). So 

(a(A x B)) M = (aA) M ° («B)m, 

which implies that 

Tr g (AxB)I M - (Tr g A)I M o (Tr ? B)I M 
= (Tr g A)(Tr g B)I M . 
So we have Tr 9 (A x B) = (Tr 9 A)(Tr 9 B). 

3. It follows from the identity stated in 2 immediately. □ 

3. Another approach of the quantum trace 

In the previous section we have defined the third product and the q-trace in a 
general setting. In this section, we study a special case of braided vector spaces 
which provides an elementary approach to the quantum trace of type A. We first 
introduce the quantum exterior algebra which is the quantum symmetric algebra 
related to the fundamental representation of U q sIn+i- And then we give a more 
explicit law for the second product in this case. Using the computational result, we 
give the formula of the q-trace and compare it with the quantum trace of type A. 

3.1. Quantum exterior algebras. In the rest of this paper, we denote V = C N+1 
and by E^ the matrix with entry 1 in the position and entries elsewhere. 
The fundamental representation of U q s\M+i is the algebra homomorphism 

p : U q slN+i ->■ EndV, 

Ei M> Ei,i+1, 

K i ^ Ell + QEii + 

where Ei's, F^s and i*Q's are the standard generators of UqSIn+i- 
Then the action of the i?-matrix on V ® Vis given by 

N+l 

R P = q^Eu® E u + ^ E i:j ® E n + (q-q~ 1 )Y^ E n ® E u ■ 

i=l i=jLj i<j 
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Let c = q^Rp 6 GL(V ® V). If we denote by e 4 = (0, . . . , 0, 1, 0, . . . , 0)* e V 
the unit column vector whose components are zero except the i-th component is 1, 
then we have: 

{a <g) ei, i = j, 

q~ 1 ej <g> ej, z < 

<? _1 ej <g> e l + (1 - g _2 )e l ® ej, i > j. 

The map c is a braiding on V and satisfies the Iwahori's quadratic equation: 

(c - idy 8 y)(c + q~ 2 \A v ®v) = 0. 

Definition 3.1. Let 3 be the two-sided ideal generated by Kcr(idy(g)V — c) in T(V). 
The quotient algebra f\ c (V) = T(V)/3 is called the quantum exterior algebra on 
V. 

By an easy computation, we have 

Ker(idy (g) y — c) = Span c {ei ® e,, g~ 1 e l ® ej + ej ® e,(i < j)}. 

Let 7r : T(V) — > A C (X) be the canonical projection. For any e^ ■ -®ej 6 T P (V), 
we denote e^ A • • • A ej = ^(e^ ® • • • <8> ej ). It follows immediately that: 

1. The algebra /\ C (V) is graded and generated by {ei, . . . , ejv+i} with the rela- 
tions: 

ei A ei — 0, 

and 

ej A ei = -q~ 1 e l A ej (i < j). 

2. If we denote by Ac 00 the p-th component of A c 00> then dim /\^ +1 (V) = 1 
and AcOO = for p > N + 1. 

3. The set {e^ A • ■ • A e ip |l < ii < • • • < z p < N + 1, 1 < p < N + 1} forms a 
linear basis of /\ C {V). 

Let A( p ) = X)i«ee -^to C - Then by the following proposition, we can view the 
quantum exterior algebra as a special quantum symmetric algebra. 

Proposition 3.2 (|3J, Proposition 2.13). For k > 1, we have the following linear 
isomorphism: 

ImA^ * A k c (V). 

We can identify A c (^0 w ^h S- C (V) as linear space. Moreover, since sh(A^' ® 
= Etoee, r- c (AW®ylW) = A l+ i, the product in A c 00 is just the quantum 
shuffle product in S- C (V). The space /\ C (V) also inherits the coproduct of S- C (V). 
It is not difficult to show the following formula for the deconcatenation coproduct 
on /\ C (V): for 1 < t < p < N + 1 and 1 < i x < i 2 < ■ ■ ■ < i p < N + 1, 

5 t , P - t (e tl A • • • A e ip ) = J2 (-<lY l(w) A ' ' ' A ® e i»c*+D A ' ' ' A e M P ) • 
i»eS( iS _t 
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3.2. Explicit law of the second product. In order to give an explicit formula 
of the q-trace, we describe the convolution product more precisely in our special 
case. 

We define c v = (c -1 )*, where t means the transpose of the operator. Then 
c v e GL{V* ® V*). Let {/;} be the dual basis of {e,}. We have 

!fi ® fi, i = j, 

qfj®fi + (l-q 2 )fi®fj, i<3, 
qfj®fi, i>3- 

Obviously c v is a braiding on V* and satisfies the Iwahori's equation: 

(c v - idy» y»)(c v + q 2 id v *® v *) = 0. 

It is easy to show that /\ c v{V*). as an algebra, is generated by /j's with the 
relations: 

fi A fi = 0, fj A fi = -q~ x fi A fj (i < j). 
Therefore the map i-> /, induces an isomorphism of algebras: /\ C (V) — > f\ c v (V*). 
For any s < t, we have 

Eij * Eki(e s A e t ) = sh o (Eij (x) E k i) o <5i.i(e s A et) 

= sh o (Eij <g> E k i)(e s ® e t - q~ x e t ® e s ) 
= Sj s 5uei A e fe - q~ 1 5 ]t &i s ei A 



Similarly, Efc; * £y(e s A e t ) = (^ s ^ t - q 1 8i t 5 JS )e k A ej. So we get that 
£y * E ik = Eij * E kj = 0, Vi, j, k, 

E kj *Eu = -q- 1 E tJ * E kh tfi<k,Vj,l, (1) 
En * E kj = -q^ 1 E lJ * E kU if 7 < Z, Vi, fc. 

In general, for 1 < ii < • • • < i p < iV + 1, 1 < ji < ■ ■ ■ < j p < N + 1 and 
1 < Zi < • • • < l p < N + 1, we have 



^iiji * " ' ' * Ei P j P ( e h A • • • A e; p ) = 



A • • • A e ip , iij k = h, 
0, otherwise. 



So the set 

{E lin * • • • * £ ipjp |1 < h < ■ ■ ■ < i p < N + 1, 1 < 3 \ < ■ ■ ■ < j p < N + 1} 

forms a linear basis of End/\^(F), which implies that ®^ ) 1 End/\^(F) is an algebra 
generated by {Eij}. As a consequence, we have the following linear isomorphism: 

c p : EndA^OO -»• /\ P c (V)®/\ p cV (V*), 

Ei ±jl * ■ ■ ■ * E ipjp i-> e n A ••• Ae, p ® A ••• A f jp . 

If we endow A c (^)®A c v (V*) with the tensor algebra structure, then e^, 1 f\l( v )® 
Acv(^*) is a subalgebra. 
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Proposition 3.3. The map 

t = <+o\ : (e^VEnd/yV), *) e^ 1 /\V) ® /\" v (n 

is an isomorphism of algebras. 

Proof. In e^ 1 ® Aev (V), we have 

(e l ®/ J )(e J ®A) = 0, 

(e,® fj){e k ® fj) = 0, Vi,j, 
(e fe ® fj){ei® fi) = -g _1 (e; ® f 3 ){e k <g> / ; ), ifi < k,Vj,l, 
(ei <8> fi)(ek ® fj) = -q^ 1 (e t ® fj){e k ® fi), ifj < Z, Vi, fc. 

It shares the same multiplication rule in (1). And /\£(V) ® Acv(U*) is gen- 

erated by ei ® /j's as an algebra. So we get the conclusion. □ 

3.3. More information about the q-trace. Using the formula (1), we compute 
the q-trace on ©^J 1 End/\^(F). We also give an inductive formula of the q-trace. 

Proposition 3.4. For any A G End/\£(V) witti = X)i<»i<-<» P <JV+i ^...j E iiji* 

l<ji<-<j P <N+l " 

E ipjp , we have 

im = E (-«)- M(,B) <l!:::S! 

V (p+i)p-2(ii+-+; P ) a i i- i p 

l<h<---<l p <N+l 

In particular, If A G End Ac (y) = End(V) wfft A = J2 a i E ji> then 

N+l 

Tr q A=J2«- 2{i - 1) 4. 

i=l 

Proof. According to the definition, we have 

A * Ijv+l-p 

= ( E Ci^i,*---*^-,) 

l<ii<---<i p <JV+l 
l<ji<---<jp<JV+l 

*( E Ekik! * ■ ■ ■ * E kN + 1 _ pkN + 1 _ p ) 

l<fci<---<fe w+ i_ p <AT+l 

= E a 7i--f P E ^^ * • • • * E * P ] P * E kik! *■■■* E kN+1 _ pkN+1 _ p 

l<»i< — <» P <JV+1 

i<ii<---<jp<A r +i 

l<fei<---<fe N +i-p<JV+l 



^(^...^(p^aMl) * • • ' * ^t«(JV+l)ti;(iV+l) 

weSp, N+i-p 



E, „\-2l(w) W{l)---W(p) jp jp 

wE&p, N + l-p 



( ^) a w(l)- W ( P )> h 
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u(1)---uj(p)n t 
u(l)---u)(p)/ iAr + 1 ' 

From an easy observation, we know that for any w £ & p ,n+i- p with w(l) = 
Zi,-- - ,io(p) = i p wehavei(w) = {h-l)+- ■ -+(l p -p) = (h+- ■ ■+l p )-(l+p)p/2. □ 

Proposition 3.5. For any A £ End(V) with Ae { = f=i a\ ej , and < p < 7V + 1, 

we have 

n 

»=i h,— dp 

and 

Ti q A* p = V V (_ g )-( 2 K™)+W+^))„™(i) ...„™( P ) 



9,t66 p -i«e6p,jv + i-p 



/n particular, 



ir 9 /i _ v ^ 9(1) a e(Af+i)- 

Proof. All identities follows from direct computation. □ 

For a diagonalizable A £ EndF with Aei — a\ei, we have 
Tr q A* N +i = (N + l) q -2\a{---a%+l, 

Tr A*P - (n) 2'V C — -^(1) . . .™(p) 

LTqJi - {P)q-2- 2^we6 p , N+1 - p \ D a w (l) a W ( P )' 

Tr 9 Af = Eto 1 (-9)- 2(i " 1) («D P - 

Let C = C V^(2) C • • • C V(i) C • • • be a sequence of vector spaces with 

V(i) = Spanc{e\, . . . , e^}. We still use c to denote the action of c restricted on 
V(i) for all i. For any 1 < p < N, we define 

(Tr 9 ) p+1 : EndAf^+i) -> EndA^Viv), 

■^iiji * • • • * Ei p+1 j p+1 n> -Ei Ul * • • • * Ei p j p Tr q Ei p+1 j p+1 , 

where 1 < ii < • • • < i p+ i < iV + 1 and 1 < ji < • ■ • < j p +i < N + 1. 

Proposition 3.6. For any A £ End /\ p {V)> we have 

Tr q A = (-a)^- 1 )(Tr,) 1 (Tr 9 ) 2 • • • (Tr q ) p A. 

Proof. We set A = Ei<u<-<i P <JV+i a ]{-~j v E hji *■■•* E ipjp . Then 

l<ji<-<j„<iV+l 

(TV^iCIr^--.^)^ 

E «i;--i T, -^u. Tr ^ P 

l<*i< — <i p <JV+l 
l<ji<-<jp<N+l 

E 4^.i:(-</) ^(-«)- 3(il - 1J 

l<»i< — <i p <JV+l 
l<ji<---<jp<iV+l 
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E <Ci(-<r 2(il+ '" + ^ p) 

l<il<---<i p <N+l 
= {-qY {1 -^Tv q A. 

□ 

3.4. The relation between q-traces and quantum traces. Now we recall the 
definition of the quantum trace. For more information, one can see [7J. 

We know the positive roots of s[jv+i(C) are 

oti, a>x + a>2, ai+a 2 +a 3 , a.\ H h oln, 

ot2, a 2 +a 3 , 02+0:3+0:4, OL 2 + • • • + a N , 

. . . , 

a N . 

The sum of all positive roots is 

N 

^£(jV + l-i)aj. 
i=i 

Set 

K = K?K 2 2 (N - 1] ...K%. 

For any A G End(V), we call 

ti q (A)=Ti(p(K)A) 

the quantum trace of A, where Tr is the usual trace of endomorphisms. By direct 
computation, one gets that if A € End(F) with Aa — J2f=i a i e j> then 

N+l 

tr q (A) = £ g»-^aj. 

i=l 

Hence, we get that: 
Theorem 3.7. For any A e End(V), we have 

Ti q A = q~ N tr q (A). 

In general, the quantum trace ti q A for A £ End/\^(V) is defined by: 

tr q A = tr{(f (K)A), 

where p p : U q slN+i —> End/\^(V) is the representation of U q 5{N+i on f\f c {V) 
induced by the fundamental representation p. For 1 < ji < ■ ■ ■ < j p < N + 1, 
we have 

p*(K)A(e jl A---Ae jp ) 

= (P{k){ a-.- a e g 

l<ii<— <i p <AT+l 

e 

l<il<— <ip<JV+l 
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l<il<---<i p <N+l 

where the last equality follows from K = diag{q N , q N ~ 2 1 • • • , q~ N )- 
So 

tr 9 A= ^ g p(JV+2)-2(i 1 +...+i,) a *i; :: »p - 

l<»i< — <* f) <iV+l 

Therefore we have the generalization of the above theorem: 
Theorem 3.8. For any A e End/\£(V), we have 

Tr q A = q- p{N+1 - p hr q A. 
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